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Quasi-brittle fractureIn this paper we develop a very efﬁcient Finite Element Microstructure MEshfree (FEMME)
method to account for the effect of microstructure on quasi-brittle properties within ﬁnite
element simulations of damage, improving the accuracy and computational cost of calcu-
lations at engineering length-scales. This method provides two sets or layers of elements
representing the Finite Element Model and the microstructure. The ﬁrst is used to link
the engineering scale problem with the microstructure, obtaining the stress and strain
ﬁelds of the macro-mechanical problem; from these, we compute the micro-mechanical
ﬁelds using the second set of elements, which describes explicitly the microstructure.
 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).1. Introduction
One of the main problems in numerical models is scale. If the microstructure is inserted in the model with a high ﬁdelity,
the computational cost grows; this makes the application of microstructure-sensitive models at engineering length scales
difﬁcult. Accordingly, to model a full-scale component while reducing the computational cost to a currently feasible level,
a simpliﬁed model is used. One simpliﬁcation is the use of a continuous material instead of a complex microstructure,
and a coarse discretization compared with the microstructural scale, which is called a Representative Volume Element
(RVE); this epitomises the length scale over which microstructure provides homogeneous properties. Consequently, the
Finite Element Model (FEM) needs to use a large mesh size. In inelastic materials, such as quasi-brittle materials, the use
of a coarse mesh results in a signiﬁcant overestimate of the strain energy release of the component with fracture, and con-
sequently a solution that may be far from its real behavior. This mesh-size effect of cohesive element models has been
reported widely in the literature. Carpinteri and Colombo [29] argue that when the structure is very large or the fracture
toughness very small, the cohesive zone at the crack tip becomes relatively small compared with the size of the structure,
so the mesh needs to be reﬁned to ensure that the cohesive forces are closer from each other, otherwise the cohesive model
is unable to describe the fracture process regularly. Möes and Belytschko [30] also show that in cohesive models the density
of elements needs to be of at least 10 elements per characteristic length of the material (lch) in the crack path in order to
obtain a representative result. This density can be decreased to 2 elements per characteristic length (lch) in XFEM approaches.
Examples of quasi-brittle materials include cements and concrete [1], ceramic matrix composites [18] and polygranular
Fig. 1. Interaction between the layers of the FEMME model.
356 L. Saucedo-Mora, T.J. Marrow / Engineering Fracture Mechanics 147 (2015) 355–372nuclear graphite [26]. In this work we propose a novel multi-scale solution that releases the spurious strain energy of a
coarse mesh by introducing the microstructure as a local enrichment in the damaged zone. We insert all the material prop-
erties through the microstructural description of the quasi-brittle material, and achieve computational efﬁciency.
There are many fracture models in the literature that deal with quasi-brittle fracture through the use of a cohesive law.
These models simplify the material as a continuum; the appearance of the crack within an element is represented either by a
change in its mechanical properties, or the crack is represented at the interface of two elements by mesh splitting and insert-
ing equivalent forces [2]. Such techniques include: cohesive element models [3], which insert homogeneous damage inside a
FE; the Strong Discontinuity Approaches, which are evolutions of the cohesive elements method that inserts an oriented
crack inside a FE; or the Cohesive Faces model [4], which inserts the crack at the interface of two elements. All these models
use a ﬁxed FE mesh during the calculation; the signiﬁcant mesh sensitivity of the fracture process therefore needs to be
addressed by using ﬁne meshes or predeﬁning the fracture path. Some models deal with this drawback through adaptation
of the mesh during the fracture process; these enrichment methods include XFEM and EFEM [5]. All these methodologies
share a continuum deﬁnition of the material used, which is quite different from the nature of quasi-brittle materials; these
have complex microstructures that can exhibit considerable heterogeneity of microstructure and properties.
There is another class of numerical fracture models, which instead of assuming the material as a continuum, insert its
microstructure explicitly to model the fracture. These models generally have a higher computational cost because they
are multi-scale models that are composed from a series of sub-models, each dealing with one scale of the problem [6].
The cost can be reduced drastically through local insertion of the different layers. Examples of multi-scale models include
the CAFE model [7]; a combination of a standard FE model for the large-scale model and a Cellular Automata model for
the microstructure, and the PERMIX model [8], which uses FEM and XFEM at the different scales.
In this paper we present an approach based on a Finite Element Model with a coarse mesh normalizing the energy release
by the joint application of two modeling approaches, a Meshfree Method and Cellular Automata; this achieves a signiﬁcant
reduction in computational cost. The Finite Element Microstructure MEshfree model proposed (FEMME) is not developed
inside a single Finite Element, instead a continuum Meshfree model is developed inside a set that is composed of those ele-
ments that may develop damage. Through the adaptation of the Meshfree model to the microstructure, and also the cells that
carry all the material properties and the damage information of the different phases of the material, the development of
damage in a quasi-brittle material formed by a matrix and phases of different brittle properties can be simulated with high
ﬁdelity and low computational cost. The minimum size of the Finite Elements is not restricted, as in the RVE techniques, due
to a homogenization of the material properties capable to introduce the heterogeneity of the material at this scale.
This paper presents the FEMME model, which uses the subdivision algorithm to insert a microstructure into a unstruc-
tured tetrahedral FE mesh presented by Saucedo-Mora and Marrow [9]. This is also applied independently to a ﬁber com-
posite [18] and a Thermal Barrier Coating [19].
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is provided; Section 3 compares the strains obtained with the FEMMEmodel and a high ﬁdelity FEM in a complexmicrostruc-
ture; in Section 4 we present an example of the energy release normalization, comparing the FEMME model against a FEM
with cohesive elements, in Section 5 the FEMME model is applied to the size effect in concrete beams; and in Section 6 the
FEMME model is compared with other methodologies, including XFEM, in terms of computational cost and accuracy.
2. Mechanical model
A general CAFE method was ﬁrst presented by Shterenlikht and Howards [7], but in order to adapt this methodology to
our requirements we insert variations in its discretization and the relationship between the CA and FE layers. This results in
the FEMME (Finite Element Microstructure MEshfree) methodology proposed here that consists of 3 layers, each one repre-
sented by a different mechanical model and linked with the others through energy homogenization. FEM is used for the
macromechanical model, a Meshfree model to compute the displacements of the microstructural features and CA to repro-
duce the fracture properties of the different phases.
Fig. 1 explains the FEMME model schematically, showing the inputs and outputs of every layer used. The FEM carries all
the geometrical information of the engineering scale component, as well as its boundary conditions and bulk mechanical
properties of the different materials, which will change with the damage that is described by the strain energy of its
microstructure (represented by the Meshfree domains). In each iteration, after running the FEM, its nodal solutions (i.e. dis-
placements or temperature) are used as inputs of the Meshfree model that calculates the movements of the microstructural
features. The Meshfree model also needs the geometrical description of the microstructure features and their mechanical
properties, which are related to the strain energy of the materials in the Cell layer. The nodal solutions of the Meshfree model
are used as an input to the CA model to calculate the strains of the cells; any cell is removed if its critical strain is exceeded.
After computing the damage in the cells, the strain energy of the Meshfree domains is recomputed considering the fracture
energy released by the damaged cells, then the mechanical properties of the Meshfree domains are recalculated. Finally the
mechanical properties of the Finite Elements are recomputed considering the strain energy of the Meshfree domains.
2.1. Subdivision algorithm and Cellular Automata representation of microstructure
To ensure the versatility of our method we work with an irregular tetrahedral mesh, which increases the complexity of
the subdivision process. To address this, an iterative algorithm is developed [9]; each tetrahedron of the FE model is subdi-
vided into 4 similarly sized tetrahedrons through the use of a common vertex and dividing the opposite face into 4 triangles
that are deﬁned by the midpoints of its edges. In order to create cells that are as regular as possible, the largest area face of
the tetrahedron is chosen for division. This process is iterated until the mean cell volume is representative of the microstruc-
tural size. The total number of cells inside an element is 4n, n being the number of iterations. Once we have the set of cells, we
identify those within ellipsoids of various sizes and orientations that represent different phases in a matrix, such as pores
and particles. In that way, the cells reproduce the volume and proportion of the different phases of the microstructure; it
is also possible to insert straight and curved ﬁbers, see Saucedo and Marrow [9,10]. With sufﬁcient subdivision, the initial
FE mesh has no effect on the cellular description of the microstructure.
2.2. Finite Element model
The Finite Element part of the model is implemented within the software ABAQUS 6.10. For this we use a variation of the
cohesive element, but instead of following a cohesive law, it receives from the microstructure information of the energy
released in the fracture through homogenization [11], which is used to update the mechanical response of the element.
We use a tetrahedral mesh with a single integration point.
2.3. Meshfree model
This layer is the link between the information of the Finite Element Method and the Cellular Automata through a
Microstructural Adaptive Meshfree framework (MAM). Once distributions of the ellipsoids that represent pores and particles
are described (we represent a pore as an empty particle), we carry out a Delaunay triangularization [12] to deﬁne the Inter
Particle Domains (IPD). The Particle Domains (PD) are deﬁned by the interior of each ellipsoid; these are part of the dis-
cretization of the Meshfree model with the particles. There are two ways to discretize the particles: one is to insert one node
in the intersection of every edge of the tetrahedrons that form the IPDs around the particle, with a variable total number of
nodes per particle between 8 and 20; the other discretization possible is assigning a constant number of nodes per particle,
e.g. 6 nodes by considering one at each end of the principal axis of the ellipsoid.
Fig. 2 shows the local stiffness matrix [K] computed for the 2 possible discretizations. On (a) 12 nodes are used to dis-
cretize the particle, and on (b) 6. The local stiffness matrix of the particle in both cases is computed using the same shape
function (Eqs. (6) and (7)). The ﬁgure shows that the matrix of the particle with 6 nodes is better conditioned; this avoids
instability because of its more dominant diagonal, which may be because both are calculated with the inﬂuence of the same
number of IPDs. To construct a mechanical model with the discretization of 6 nodes per particle we need a ﬂexible shape
Fig. 2. Local stiffness matrix for the different discretization of the particles. (a) The particle discretized with 12 nodes, and (b) with 6.
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closest to the center of the domain). For this reason, and to ensure the stability of the microstructural adaptive model, a
meshfree approach is used.
In addition to the main pores or particles, micropores (i.e. spherical pores with a small radius) are inserted in the particle
set before the Delaunary triangularization in order to increase the discretization of the Meshfree model; these do not affect
the fracture behavior themselves. 6 points represent each ellipsoid, with one at each end of its orthogonal axes. Each IPD is
composed by 4 ellipsoids and 12 nodes and is deﬁned by the 3 nodes of these that are closest to the IPD center. Consequently,
in the Meshfree Model we have two different types of domains: IPD with 12 nodes that represent the matrix, and PD with 6
nodes in the interior of each ellipsoid (Fig. 3). The versatility of the Meshfree model allows us to have variable domains with
different geometries and number of nodes. For this we enforce the local maximum entropy conditions described by Arroyo
and Ortiz [13] and the geometrical adaptive conditions of Saucedo-Mora [14].
Currently, the microstructure is created through the deﬁnition of the IPDs and PDs at the beginning of the model, being
inactive initially and becoming part of the MAMmodel once they are active. A further development planned will lead to local
creation of the microstructure directly inside the damaged elements doing a Delaunay triangularization at every step; the
advantage of this is the higher efﬁciency due to the lower amount of information predeﬁned. Inside every Finite ElementFig. 3. Domains of the MAM framework; (a) 3D view o the Inter Particle Domains (IPD) and Particle Domains (PD); (b) enrichment with micropores to
increase the discretization; (c) 2D scheme of the discretization.
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apply a stress criterion, such that damage may occur when the stress has a value of 0.5ft, where ft is the representative tensile
stress of the material. This is argued in point 4 were the inﬂuence of this coefﬁcient where the FE is subdivided is evaluated.
Within each IPD and PD, the cells determine the material properties as damage develops.
The damaged domains of the FE mesh are occupied by the Meshfree domains of the next layer. This two domains are not
exactly related through shape, since the geometries of the FE mesh and Meshfree discretization are determined respectively
by the shape of the large scale component and the microstructural features. This causes a difference between the volume of
the FE and the sum of the volumes of the IPDs and PDs inside it. The volume of the IPD and PD with nodes outside of the host
ﬁnite element needs to be corrected for the homogenization, which is done through its shape function; if a node is outside of
the FE, its proportional volume is removed.
We consider, in Eq. (1), a Finite Element that is deﬁned by a tetrahedron of nodes n1, n2, n3, n4, and an arbitrary point
evaluated nev,Xa¼4
a¼1
Vtetraðfaceea;nevÞ
Vetetra
¼ 1 facee ¼ fðn1;n2;n3Þ; ðn1; n2;n4Þ; ðn1;n3;n4Þ; ðn2;n3;n4Þg ð1Þwhere facee is the set composed by the faces of the tetrahedron evaluated (i.e. element of the FE mesh), and Vetetra its total
volume. The function Vtetraðfaceea;nevÞ computes the volume of the tetrahedron formed by the face selected and the point
evaluated; the result of Eq. (1) is higher than 1 if the point nev is outside of the FE evaluated. With this we can evaluate
whether a certain node is inside of the FE studied.
With the sets of nodes inside and outside a certain Finite Element known, we can correct the volume of the IPD or PD that
are partially outside the FE using Eq. (2). This is important for the energy homogenization that is carried out between layers
because the strain energy of the domain is incorrectly determined if there is not an agreement between both volumes; this
would otherwise produce errors in the cohesive behavior of the damaged FE. The corrected volume is given by Eq. (2),V1MD ¼
Xi¼m
i¼0
NðxÞ g jiV0MD ð2Þwhere MD is the Meshfree Domain evaluated (IPD or PD), m is the set of nodes of the MD inside the FE, V0MD is the total vol-
ume of the Meshfree Domain and V1MD is the corrected volume to be used in the energy homogenization.
The main difference between the Meshfree and the ﬁnite element layers is the shape function, which is more ﬂexible and
versatile for domains with complex geometries and domains with different number of nodes. This makes the Meshfree
method suitable for a model that is adapted to a complex microstructure, creating different domains with a single integra-
tion point where the strains and stresses are computed. Due to the complexity of the Meshfree discretization, different expo-
nential shape functions are used for the IPDs and the PDs; as for any shape function, the function needs to be positive and
meet the partition of unity and interpolation conditions.NðxÞa  0 x ¼ fx1; x2; x3g 8xi 2 R ð3Þ
Xa¼n
a¼0
NðxÞajg ¼
Xa¼n
a¼0
NðxÞ g ja ¼ 1 ð4Þ
Xa¼n
a¼0
NðxÞajgua ¼ u ð5Þwhere g is the integration point of the domain, and a is the node evaluated. Because a Meshfree framework is used, the posi-
tion of the integration point and the size of the domain are not directly determined. These need to be computed separately to
allow the shape function to share equally the inﬂuence of every particle in the domain, ensuring that the sum of the deriva-
tives is equal to zero in order to avoid spurious strains [15]. Those conditions are automatically fulﬁlled by the PDs by con-
sidering the center, size and orientation of the ellipsoid inserted to reproduce the particle [9], but the shape function needs to
be computed separately for every IPD.
The general forms of the shape functions (Eqs. (10) and (11)) for the IPD and PD use the function S deﬁned by
Eqs. (6) and (7).
For the IPDSðx; xc; lDÞ
g ¼ Exp ce
xc1  x1
l1
 2
þ x
c
2  x2
l2
 2
þ x
c
3  x3
l3
 2 !" #
ð6Þwhere l1, l2 and l3 are the maximum distances in the 3 spatial axes between the center of the IPD and its nodes.
For the PD
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g ¼ Exp ce
d1
l1
 2
þ d2
l2
 2
þ d3
l3
 2 !" #
a ¼ fa1;a2;a3g ð7ÞThis shape function uses the geometry of the particle that it represents, which is oriented in 3D and has different dimen-
sions in each of its axes.½A ¼
1 0 0
0 cosða1Þ sinða1Þ
0  sinða1Þ cosða1Þ
0
B@
1
CA
cosða2Þ 0  sinða2Þ
0 1 0
sinða2Þ 0 cosða2Þ
0
B@
1
CA
cosða3Þ sinða3Þ 0
 sinða3Þ cosða3Þ 0
0 0 1
0
B@
1
CA ð8Þ
d1
d2
d3
0
B@
1
CA ¼ ½A
xc1  x1
xc2  x2
xc3  x3
0
B@
1
CA ð9Þwhere a1, a2, a3 are respectively the pitch, roll and yaw Euler angles, the vector xc is the position of the integration point
which is the center of the domain, and the vector x is the generic point evaluated. The constant ce is an arbitrary parameter
to improve the performance of the shape function [13]. Here we have assumed ce = 0.5 because of the complexity of the
domains, which ensures an inﬂuence of the nodes far from the center of the IPD or PD. With this we rotate the shape function
to ensure that it is coupled with the particle’s geometry. In that case the Euler angels are those of the particle, which has been
inserted randomly in the microstructure [9]. If it is desired to reproduce faithfully a speciﬁc particle orientation, Slabaugh’s
formulation [16] can be used to compute these angles.
The general form of the shape function is:
For the IPDNðxÞ g ¼ Sðx; xc; lDÞ
g Xi¼n
i¼1
Sðx; xc; lDÞ
g
,
ð10ÞFor the PD ,
NðxÞ g ¼ Sðx; xc; lD;aÞ
g Xi¼n
i¼1
Sðx; xc; lD;aÞ
g ð11ÞThe shape functions deﬁned by Eqs. (10) and (11) meet the general requirements established in Eqs. 3–5, and are applied
independently inside each Meshfree Domain with Kronecker’s delta property [17].
The shape function itself is used to interpolate the results of the Meshfree nodes (i.e. displacements [18] or temperature
[19]) and to create the data ﬁeld of the Cellular Automata layer. To create the stiffness matrix of the Meshfree problem, used
to compute the strains of its domains, the derivatives of the shape functions are needed; Eqs. (12) and (13) show the
derivatives of the shape function for the different Meshfree domains.@NðxÞ g
@xi
¼ cdIPD2
ðxci  xiÞ
li
NðxÞ g 8i ¼ 1;2;3 ð12Þ
@NðxÞ g
@xi
¼ cdPD
@ ðd1=l1Þ2 þ ðd2=l2Þ2 þ ðd3=l3Þ2
 
@xi
NðxÞ g 8i ¼ 1;2;3 ð13ÞHere the values of cd used are 3 for the IPDs (Eq. (25)), and 1.5 for the PDs in order to ensure that the shape functions
represent the different discretizations of 12 (IPD) and 6 (PD) nodes. Those derivatives are used to compute the strains of
the Meshfree domains with Eqs. (14) and (15).e gij ¼
1
2
Xa¼n
a¼0
ðrNðxÞajgÞjui þ ðrNðxÞ
ajgÞiuj
h i
ð14Þ
e gii ¼
Xa¼n
a¼0
ðrNðxÞajgÞiuai
h i
ð15Þ
e g ¼ ½Buai ð16Þ
With the sum of Eqs. (14) and (15) we can determine the [B] matrix of Eq. (16), which is used in Eq. (17) to compute the
equilibrium of forces.f D ¼ VD½BLocT ½DD½BLocuD ð17Þ
Fig. 4. Volume of an IPD truncated by the PDs at its vertex.
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into the global stiffness matrix. The calculation of the volume of each Meshfree domain is studied from Eqs. (18)-(22).
For the PDVPD ¼ p43 l1l2l3 ð18ÞThe volume of the Particle Domains is calculated using the size of the ellipsoid that deﬁnes the particle studied, and the
analytical solution of its volume.
For the IPD
The Inter Particle Domains are truncated tetrahedrons with vertices cut by the elliptical particles of the domain (see
Fig. 4). The true surface that truncates each vertex is curved, but for simplicity we use a plane formed by the crossing points
between the tetrahedron and the ellipse studied. With Eqs. (19)–(21) we compute the intersection between the segment
deﬁned by the center of two particles (i.e. AB, AC, BC in Fig. 2) and that of each ellipsoid. As an example, ﬁrst we deﬁne
the parametric segment between A and B with Eq. (19), and evaluate each point of this segment changing t until Eq. (21),
which deﬁnes the surface of the ellipsoid, is satisﬁed; t ranges from 0 to 1 and can be computed with the bisection method.
With this, combining the segment AB with the particle A, we compute point 1, and with the same methodology we compute
the remaining points shown in Fig. 4; these deﬁne the truncated vertices of the tetrahedron, and the corrected volume can be
computed using Eq. (22).xðtÞ ¼ xA þ tðxB  xAÞ t 2 ½0;1 ð19Þd ¼ ½AðxC  xðtÞÞ ð20Þd21
l21
þ d
2
2
l22
þ d
2
3
l23
¼ Log½ce ð21ÞWith this we compute the 3 crossing points between each particle and the tetrahedron formed by the centers of the 4
particles of the IPD (see Fig. 4 for a 2D scheme). Those points deﬁne the subtetrahedrons (i.e. A-1-2, C-5-6 and B-3-4 in
Fig. 4) whose volumes need to be subtracted from the main tetrahedron of the IPD.
The corrected volume of the IPD to be used in Eq. (17) is:VIPD ¼ VT 
Xi¼4
i¼0
VCuti ð22ÞVIPD is the corrected volume of the IPD, VT the original volume of the tetrahedron formed by the centers of the particles, and
VCuti is the truncated volume of each vertex.
Fig. 5. Three layers together and its relationships; (a) FE mesh with its nodes, the Meshfree nodes and domains where the boundary conditions are applied
and a cell of the CA layer; (b) the insertion in a damaged CA of the local fracture plane orthogonal to the eigenvector associated with the principal maximum
strain.
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The boundary conditions play an important role in the model. The inputs of the Meshfree model from the FE are the nodal
displacements of the FE mesh. These are inserted in the IPD that encloses each node (Fig. 5a). Once the Meshfree model is
computed, the displacements of the Meshfree nodes are mapped into the nodes of the CA model to compute the increment of
the cell’s strain and updated using the MAM nodes at the same side of the fracture plane (i.e. plane orthogonal to the max-
imum principal strain eigenvector) if the cell is removed (Fig. 5b). The displacements of the CA model are interpolated using
the shape functions of each IPD or Particle.2.5. Displacements of the CA layer
The displacements of the microstructural features are mapped into the nodes of the cells in the CA layer through the
Meshfree shape function shown in Eqs. (10) and (11), using the interpolation described in Eq. (5). Here we need to differen-
tiate between the interpolation of the displacements in the non-damaged and damaged cells. In the case of a non-damaged
cell, all the nodes of the Meshfree domain that contains the cell evaluated are used. For the nodes of a damaged cell, only the
Meshfree nodes at its same side of the local fracture plane are considered for the interpolation, updating this way the nodes
of a damaged cell in both sides of the local fracture plane; this has the effect of addressing the increased local compliance and
strain concentration arising from a crack-like defect. The fracture plane of the cell is determined as the plane that crosses the
center of the cell and is orthogonal to the eigenvector that is related to the maximum principal strain. Once we have
interpolated the displacements of every cell we compute its strain as a sum of the strain of the Meshfree domain ðeMDkl Þ that
contains the cell, using Eq. (23).ekl ¼ eMDkl þ
1
12
Xi¼4
i¼0
Xj¼4
j¼iþ1
uik  u jk
xil  x jl
þ u
i
l  ujl
xik  x jk
" #
ð23Þwhere j and i are the different nodes of the cell evaluated, this strain being the average of the strains between the nodes of
the cell.2.6. Erosion (i.e. damage)
The strain of every cell, computed using Eq. (23), is evaluated against its critical strain. The critical strain of the each cell is
assigned using data that can be extracted either from a lower scale model or mechanical testing at an appropriate length
scale (e.g. micromechanical tests). If the critical strain is reached, the cell is removed (i.e. eroded), and the displacements
of the nodes of that cell are updated. As described in Section 2.5, in order to reproduce the strain intensiﬁcation that caused
by crack-like defects, the nodal displacements are updated by considering only the Meshfree nodes that are on the same side
of the local plane that is orthogonal to the principal eigenvector of the damaged cell. This changes the strains of the cells in
the neighborhood and allows the fracture to propagate in a crack-like manner as the model reproduces the strain concen-
tration on the crack tip; an example of fracture propagating between two pores within a ﬁnite element is shown in Fig. 6.
Due to the Meshfree method, if the propagating damage encounters the surface of the Finite Element that contains it, the
damage crosses the interface of the FE (Fig. 7), damaging the nearest cell of the neighboring element and updating the
displacements accordingly.
Fig. 6. Simulation of the strain concentration effect for damage between two pores: (a) view of the FE, the pores and the damaged cells; (b) detail within a
2D slice of the 3D ﬁnite element of the strain concentration effect generated by the damaged cells.
Fig. 7. Example of propagation of fracture across the interface of two ﬁnite elements deﬁned by Tetrahedron 1 and Tetrahedron 2.
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Energy homogenization links the effects of the eroded cells and the FE behavior [11]. For this, the strain energy of every
IPD or PD at the beginning of the step is corrected with the energy released by every cell eroded inside each Meshfree domain
(Eq. (25)), thereby changing the material properties of the IPD or PD accordingly by recalculating [D]new. This is carried out
similarly between the FE and Meshfree layer (Eq. (26)), changing the stiffness of the FE proportionally to the sum of the strain
energy of all the enclosed IPDs and PDs and the strain of the FE at the beginning of the step, hence recalculating its [D]new
matrix. Consequently, the damage at the microstructure lengthscale is translated from the CA layer to the FEM in a consis-
tent way.UcellðerodedÞ ¼ 0 ð24Þ
UIPD or PD ¼
Xi¼n
i¼0
Ucelln ¼ ðVol  ð½Dnew  eÞ  eÞIPD or PD ð25Þ
UFE ¼
Xi¼m
i¼0
UIPDm þ
Xi¼l
i¼0
UPDl ¼ ðVol  ð½Dnew  eÞ  eÞFE ð26Þ3. Validation A: The effect of particle stiffness on the strain ﬁelds obtained by FEMME and FEM
This validation example of the FEMME model considers a cube of 1x1x1 mm, which contains 70 particles and is deﬁned
by 5 tetrahedron elements (Fig. 8b). It is embedded into a larger Finite Element Model (FEM) (Fig 8a) composed by 135 ele-
ments and 700 particles. This method of embedding in a larger FEM is used to ensure that the boundary conditions applied to
the FEMME volume are close to those of the equivalent volume of the validation model with a ﬁnely meshed FEM of the same
microstructure; this is needed as the boundary condition displacements are applied only to the nodes of the coarse mesh of
FEMME. Iterative subdivision of the 5 elements inside the cube produced 32,768 cells; the approximately equivalent reso-
lution FEM has 40,000 tetrahedral elements, each with a single integration point and also embedded into a larger FE coarse
Fig. 8. Comparison of FEM and FEMME models; (a) full FEMME model used with the applied boundary conditions; (b) the microstructure and the 5 Finite
Elements model (with 32,768 cells) used as a subvolume in the FEMME.
364 L. Saucedo-Mora, T.J. Marrow / Engineering Fracture Mechanics 147 (2015) 355–372model. The arbitrary material properties are a Poisson’s ratio of 0.2 and Young’s moduli of 12 GPa for the matrix, 0 GPa for
empty particles and 12,000 GPa for stiff particles. In the coarse FEM in which the microstructure volumes are embedded, a
null displacement is applied to all the nodes of the bottom face, and a vertical displacement is applied to the top face to
achieve a net strain of 0.06. In the general FEM used, the number of operations needed to solve the problem is proportional
to the square of the number of nodes. With the FEMMEmodel we reduce this number of operations, for an equivalent level of
discretization between cells and FE elements, because the number of operations needed to compute the strains of the cells is
linearly proportional to the number of cells, and those are only used locally in the damaged zones. To this we need to add the
number of operations needed to solve the FEM and MAM layers of the FEMMEmodel, which are proportional to the square of
the number of nodes used; these are both very low due to the adaptability of the local MAMmodel and the coarse mesh used
in the FEM. Considering this, in the example presented, the number of operations needed to solve the FEMME model is 2
orders of magnitude lower than that needed for the general FEM of the same microstructure with the same level of dis-
cretization. The achieved efﬁciency is especially important for fracture models where several iterations are required to allow
the model to converge at every change in the boundary conditions.
The models were examined with the particles either as all pores (0 GPa), or all as stiff (12,000 GPa) relative to the
matrix. The elastic strains obtained in the example of Fig. 8 are shown in Fig. 9 for the FEMME and FEM cases; the data
are for a vertical section near the center of the cube, which is marked in Fig. 8b. The strains in this section are presented in
Fig 9a–f. Further detail is provided using example horizontal (Fig. 10a) and vertical (Fig. 10b) line proﬁles within this sec-
tion, i.e. along the traces indicated by white lines of Fig 7. The agreement between the two methods of the strain concen-
trating effect of the empty particles is quite acceptable, particularly in the magnitude of the strain concentrations close to
the empty particles and the identiﬁcation of the zones of higher and lower strains in the microstructure with stiff parti-
cles. For example, the zones with the higher and lower strains in the FEM are reproduced well by the FEMME model
(Fig. 9b and e). These are the zones with a higher concentration of particles. These regions are larger in the FEMME model
(Fig. 9a, b, d, and e), compared with the FEM analysis, due to the large size of the MAM domains. The strains of the cells
are directly inﬂuenced by the strain of the MAM domain in which they are contained. This causes the wider range of
higher strains in the FEMME model; there are zones with negligible strain at the borders of the modeled volume (in blue
in Fig. 9a and d) – these occur as some of the cells in the border region are excluded from the calculation since they
belong to MAM domains that are centered outside the cube studied. This effect is seen at the FEMME model edges in
Fig 10, and is also the reason why the MAM model has the shape that is shown in Fig. 9b and e. These effects would
not occur in a larger model, and are essentially an artifact of the special case studied here, which has only 5 elements
in the FEMME model.
It is noticeable that in the FEM the strains are more equally distributed, while in the FEMME the higher strains are con-
centrated around the empty particles, or in the matrix in the case with the stiff particles; these change the strains within
zones that have different concentration of particles are due to conservation of the total strain energy of the volume. The
FEM provides a more accurate description of the strain distribution than the FEMME, but the general pattern of strains in
the microstructure is reproduced satisfactorily by the FEMME model, at a considerably lower computational cost. The agree-
ment between the FEM and FEMME is best in the zones with higher strains where damage occurs, and it is consistent with
the discretization level [9]. As a consequence, the FEMME approach is well suited to fracture calculations, as it is the strain
concentrations that control damage.
Fig. 9. Strains predicted in a vertical central slice by the 3D FEMME and FEM simulations at an equivalent level of discretization (from Fig. 8); Strains of the
FEMME with stiff particles in the cells (a) and the IPD (b); (c) Strains of the FEM with stiff particles; Strains of the FEMME with empty particles in the cells
(d) and the IPD (e); (f) Strains of the FEM with empty particles.
Fig. 10. Strains predicted in a vertical central slice by the 3D FEMME and FEM simulations at an equivalent level of discretization with empty particles
(Ep = 0 GPa) and stiff particles (Ep = 12,000 GPa) (from Fig. 9); (a) strains along the horizontal and (b) vertical line proﬁles that are traced by the white lines
in Fig. 9a, c, d, and f.
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In this example we examine the strain energy release with damage propagation in a comparison of a FEM with cohesive
elements against the FEMME model. The sample modeled is a 6  6  1 mm rectangular prism under a vertical tensile load
with two notches of 1 mm depth at different heights on opposite sides. The ﬁctitious material has a Young’s modulus of
E = 18 GPa, a Poisson’s ratio of 0.2 and a tensile strength of 3.3 MPa. In the FE, a linear decreasing cohesive law was deﬁned
for the cohesive elements, with a critical strain deﬁned by the ratio between the tensile strength and the Young’s modulus,
and a constant ﬁnal strain with zero tensile strength. In the FEMME model, the failure strain of each of the cells is deﬁned
randomly between the critical and ﬁnal strains of the FE cohesive law, assigned with a linear probability distribution. The
simulations of fracture initiation and propagation, and the microstructure description are independent with respect to
Fig. 11. Comparison between FEM and FEMME simulations of failure of a double-notched tensile specimen (see Fig. 11): (a) Load displacement curves for
two example cohesive laws; (b) computational costs in term of operations for one cohesive law; In both ﬁgures the signiﬁcant points of the calculations
with the cohesive law 1 are marked with green circles: (i) damage initiation; (ii) peak load; (iii) collapse. (For interpretation of the references to colour in
this ﬁgure legend, the reader is referred to the web version of this article.)
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FE mesh needs be sufﬁciently ﬁne to reproduce the displacement ﬁeld of the sample and to describe regions with strain
intensity. Generally this can be achieved with a coarse mesh, except at regions such as stress concentrators where a ﬁner
mesh is required; in those cases the FEMME model can be easily coupled locally with cohesive elements to provide a good
description of the displacement ﬁeld.
The main result of this calculation is shown in Fig. 11a. This shows the difference between the FEM with coarse and ﬁne
meshes (145 and 27,950 elements respectively, and the FEMME model (based on the mesh of 145 elements, with 4702 IPD
and 212,992 cells). Two cohesive laws have been considered: Cohesive Law 1 has a critical strain of 0.00018 and a ﬁnal strain
of 0.00055; Cohesive Law 2 has a critical strain of 0.00054 and a ﬁnal strain of 0.00108. The FEMME model releases the spu-
rious fracture energy of the coarse mesh, ﬁtting the data of the ﬁne mesh in both cases, showing the robustness of the
method. The computational cost, which increases as damage develops, is shown in Fig. 11b; the FEMME is over an order
of magnitude more efﬁcient than the FEM of equivalent discretization, even in the later stages of damage propagation.
The relationship between the discretization of the Meshfree model and two elements from the FE mesh is shown in
Fig 12a; the eroded cells are represented in Fig 12b. The fracture pattern are visualized for the FEMs with coarse and ﬁne
mesh and the FEMME model at 3 different points in the simulations using Cohesive Law 1; the onset of non linearity, which
is caused by damage initiation, the peak load and the ﬁnal collapse; these points are marked in Fig 11. The development of
fracture is similar in the three models, showing the effects of the component geometry.
The total energy released during the fracture simulations with cohesive laws 1 and 2 is shown in Fig 14a; that released by
the FEMME method is equivalent to the fracture energy of the ﬁne FE mesh, while the coarse FE gives an overestimate, as
expected. The relation between stress and strain in the damaged elements is shown in Fig 14b for both FEMME and the ﬁne
FEM (data for cohesive laws 1); the dashed red lines and the solid gray symbols describe the softening behavior of the ﬁnite
elements that host the microstructural damage model in FEMME, and the solid red line is the cohesive law of the FEM; their
softening behaviors are equivalent. The black dashed line is an exponential ﬁt to the softening in the FEMMEmethod and this
is the cohesive law that emerges directly from the simulation of damage in the microstructure.
The size of the MAM discretization in the FEMME is ﬁxed by the microstructure of the material, but the cell size within it
can be arbitrary. To examine the sensitivity of the FEMME model to the discretization size, the double-notched specimen
shown in Fig. 13 has been simulated with different numbers of cells per Meshfree domain. The results show an overestima-
tion of the fracture energy and peak load (Fig. 15a) when the number of cells per Meshfree domain is lower than 20; the
solution converges for higher values (Fig. 15b). This behavior arises from the role of the cells inside the Meshfree domain,
which release its energy, and is independent of the material properties. If there are no cells inside a domain, this domain
cannot be damaged, and we need at least , as an average , 20 cells per domain to guaranteed that every domain has cells
inside and can be damaged efﬁciently.
The subdivision of the Fes at 0.5ft is an arbitrary value to make the model local, which provides computational efﬁciency,
and also to ensure that the subdivision takes place before the damage starts inside the FE; this avoids the artiﬁcial tough-
ening of the material that would occur by subdividing the element after damage initiation. This is illustrated in Fig 16.
Fig. 12. Visualisation of the 3 length scales within the FEMME model: (a) the Meshfree model (IPD shown in blue and micropores in yellow) with the FE
(element and nodes in shown in red); and (b) the CA (eroded cells shown in black). (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)
Fig. 13. Visualizations of the damage developed in the different models (for cohesive law 1): From top to bottom the fracture pattern at the onset of non
linearity (‘initiation’), the peak load and at collapse; From left to right the coarse FEM (145 elements), ﬁne FEM (27,950 elements) and FEMME model (5
elements, 4702 IPD and 212,992 cells).
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If the subdivision criteria is too high (e.g. in that case of subdivision at 0.9ft), there is artiﬁcial toughening. By reducing the
criterion to below 0.7ft, the model converges to a solution. When we subdivide a FE we enrich the zone with the microstruc-
ture, and this increases the computational cost. The chosen criterion of 0.5ft is conservative in terms of model precision; it
could be increased to improve the computational cost.
Fig. 14. Comparison between FEM and FEMM models of (a) Work of fracture and (b) the cohesive fracture behavior.
Fig. 15. Sensitivity analysis of the number of cells per Meshfree domain in the FEMME model: (a) load displacement curves, compated with the FEM; (b)
work of fracture.
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In quasi-brittle materials, the fracture forms a discontinuous pattern of damage through its microstructure in the Fracture
Process Zone (FPZ). This determines the fracture behavior of the structural element and causes the well-known size effect
[20]; this has being widely studied numerically with continuous models [21–23], In these models, which neglect the role
of the microstructure, the fracture process zone is reproduced through the cohesive law that is deﬁned for every element,
which is essential to obtain quasi-brittle behavior [24]. As shown in Section 4, by using the FEMME methodology to insert
the microstructure explicitly in the model, the cohesive law emerges. Hence it is not necessary to use a cohesive law to
reproduce the effect of the FPZ in the global structure. The potential of this methodology to model the fracture process zone
of a quasi-brittle material is shown in Fig. 17, which visualizes the formation of the crack front (red in the ﬁgure) in a model
material with the following properties under a tensile load: elastic moduli, E = 12 GPa and v = 0.2; tensile strength,
Fig. 16. Response of the model for different criteria of the subdivision initiation. Comparison of the peak load obtained and the computational cost
normalized with the 0.5 case.
Fig. 17. Visualisation of crack formation in a quasi-brittle material under tension (the tensile stress is orthogonal to the image plane); the applied stress
increases from (a) to (j). The damaged cells are plotted in red, and the cells of pores are shown in gray. (For interpretation of the references to color in this
ﬁgure legend, the reader is referred to the web version of this article.)
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images, damage starts forming between pores in different positions; these coalescence and grow to form the crack front,
which begins to propagate.
The ability to reproduce explicitly the FPZ of a quasi-brittle material from its microstructural geometry and local prop-
erties makes the FEMME model capable of dealing with the size effect in structures formed by quasi-brittle materials, such
as the concrete beams. Zhao et al. [25] performed a series of three point bending tests of concrete notched beams that show
clearly the size effect. The beam dimensions are given in Table 1. The material properties of the concrete are: Young modulus
of 39.2 GPa; Poisson’s ratio of 0.2 and a tensile strength (ft) of 4.5 MPa. The necessary data to model those beams with the
FEMME method is in Table 1.
The fracture property of the cells in the FEMME simulation were deﬁned using a critical strain that is equal to the tensile
strength divided by the Young’s modulus, and a ﬁnal separation strain that is ﬁtted as 3 times the critical strain. The prop-
erties of cells were deﬁned randomly between these critical and ﬁnal strains, assigned with a linear probability distribution
as before. Due to the lack of information about the true microstructure of the material studied in [25], a synthetic
Table 1
Dimensions of the beams studied [25]: D is the total depth, N is the notch depth, S is the span and W is the width of the beam.
D (mm) N (mm) S (mm) W (mm)
Beam 1 400 160 800 120
Beam 2 200 80 800 120
Beam 3 150 80 600 120
Fig. 18. Simulation of the fracture of concrete beams of different size: (a) The meshes used, which have similar discretization, and fracture patterns at the
peak load (damaged cells shown in red) are illustrated; (b) comparison between the experimental results of Zhao et al. [25] and FEMME predicted peak
loads. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)
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deviation of 0.2 mm. This microstructure neglects the effects of the aggregates and macropores in the concrete, but repro-
duces the micromechanical fracture processes that dominate the damage in the fracture process zone. In concrete the micro-
porosity is mainly given by the bubbles in the water during the mixture [31]. The representative size of those pores is 1 mm,
considered as entrained air if the size is smaller, and entrapped if its size is bigger. The development of damage in the 3
beams at peak load, simulated using the FEMME models with the same material and equivalent levels of discretization
(i.e. similar FE mesh, cell size and microstructure), is shown in Fig 18a; this reveals the fracture developed in each case is
of similar length for the different ligament sizes. This determines the size effect, shown in Fig. 18b, which is consistent with
the experimental results. The cohesive law, which commonly needs to be assumed in fracture modeling [26], is replaced by
direct simulation of the damage that develops through the microstructure of the material. One possible way to explain the
structural size effect [32] is the transference of stored volumetric elastic energy, to the surface fracture energy required by
the fracture propagation process. This transfer of energy is consistent with our approach, since the stored volumetric energy
Fig. 19. Comparison between different methodologies; (a) mesh used in the FEMME model and its dimensions; (b) fracture pattern at the peak load of the
FEMME model; (c) comparison of the peak load and discretization of the FEMME model and different numerical models based on FEM: Cohesive Elements,
Cohesive Faces (DCFF) [28], Strong Discontinuities (SDA) [28], Nodal Enriched (XFEM 1, 4) [5] and Element Enrichment (EFEM 1, 4) [5].
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of damage.
6. Validation D: Comparison with other enriched FE methodologies: 4 point shear simulation
Here we compare the FEMME method with other methodologies that are typical used in computational fracture mechan-
ics, of which E-FEM and X-FEM [5] are example enrichment methodologies that can also reach a good solution with a coarse
mesh; these require the assumption of a cohesive law. The release of the spurious fracture energy in the FEMME method-
ology is equivalent to that achieved by E-FEM. To show this, we simulate the four point shear test carried out by Arrera
and Ingraffea [27], which is a common benchmark test for numerical fracture models. We compare the FEMME simulation
results with the numerical models of Oliver et al. [5] and Yu et al. [28]; all were applied to this same problem, with the geom-
etry and material properties described by Arrera and Ingraffea [27]. The FE mesh used, with 160 tetrahedral elements with a
single integration point, is shown in Fig. 19a; fracture is deﬁned at the peak load. The average volume of the cells introduced
in the FEMME model is 1 mm3. The material properties used are: elastic moduli, E = 24.8 GPa, Poisson’s ratio 0.2; tensile
strength ft = 2.8 MPa; and a ﬁnal strain for the cells arbitrarily chosen as 3 times the critical strain, which is ft/E). The syn-
thetic microstructure created has a porosity of 1%, which is formed by pores of an average size of 1 mmwith a standard devi-
ation of 0.2 mm. Comparison is made Fig. 19b, in terms of the predicted fracture load (data for the range of strength
experimentally measured by Arrera and Ingraffea [27] are shown) and the number of elements, with other methodologies
that either need to predeﬁne a ﬁne mesh along the fracture path, such as Cohesive Faces (DCFF) [2], cohesive elements
[3] or strong discontinuities (SDA) [28], and those that can deal with a mesh without a predeﬁned fracture path, such as
XFEM and EFEM [5]. The FEMME model is shown to reach a good solution using a coarse mesh, demonstrating the potential
for this methodology to simulate fracture using the coarse mesh in structural elements without requiring a predeﬁned frac-
ture path.
7. Conclusion
Through the multi-scale application of Meshfree and Cellular Automata models, we have demonstrated a novel Finite
Element Microstructure MEshfree (FEMME) method of conducting a normalization of the energy release of a Finite
Element Method calculation with a coarse mesh. This allows us to carry out, with signiﬁcant efﬁciency, FE calculations of
strain development with a coarse mesh without losing accuracy in the solution. This is achieved through a high ﬁdelity
reproduction of the microstructure and the adaptation of the Meshfree Model to its geometry. Importantly, the computa-
tional cost of the FEMME method is lower than a FEM with a similar discretization. This makes the FEMME model very
promising for the fracture modeling of components at engineering scale, taking into account the effects of the microstructure
of the material.
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